
AIAA JOURNAL, VOL. 32, NO. 11: TECHNICAL NOTES 2325

(22)

Comparing Eq. (22) with Eq. (6) one gets the relaxation viscosities
of oxygen and nitrogen A,o and XN in the air.

(23)

In Table 1 the numerical values Xo and XN of the standard atmo-
sphere calculated with Eqs. (7), (8), and (23) are given.

V. Approximated Flow Equation in Air
As an alternative to the exact solution of Eq. (18), the convolu-

tion integrals may be substituted by Taylor series expansions with

(24)

The flow equation in air is as follows:

+ pv . Vv = -grad/? + r| ( Vv + - grad div v

+ |i grad div v + Xo grad div V
~

-1 Vd n v
dt"

-1 Yd v (25)

For air flow under environmental conditions, the zeroth-order term
n - 0 may be sufficient, For normal air humidity values, the relax-
ation frequencies are well separated; for nitrogen,/N = 100-300
Hz, whereas for oxygen, /o = 20,000-30,000 Hz. Defining the
Strouhal numbers 5rN and Sto with dc the characteristic length and
\)c the characteristic velocity

StN-fNdc/vc, St0=f0dc/vc (26)

For flow velocities with a Strouhal number St - fdc/vc the flow
equation (25) can be approximated by

- pv = -gradp + TjAv

+ \ (l/3)ri + |n-X0

for

grad div v

St < St
(27)

In the standard atmosphere at sea level the shear viscosity is r| =
1.7 x 10~5 kg/ms, and the relaxation viscosity of .atmospheric oxy-
gen X,o = 4.6 x 10~4 kg/ms. In this case the term grad div v is 79.2
times higher than in the classical Navier-Stokes equation without
the vibrational relaxation effect.
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Time-Of-Flight Mass Spectrometer for
Impulse Facilities
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Introduction

AT present, impulse facilities such as shock tunnels and expan-
sion tubes are the only practical ground-based means of simu-

lating aerodynamic conditions at speeds in excess of 3.5 km/s. The
duration of test flow, however, is of the order of a millisecond,
requiring specialized instrumentation. It is especially desirable to
measure species concentrations in the test flow since the chemical
state of the test gas may be altered by the high transient tempera-
tures produced. Also, the flow of test gas in a reflected shock tun-
nel is followed by a flow of driver gas, usually of a different com-
position. The breakdown of the interface between these two gas
slugs causing mixing of the driver and test gases typically limits
the available test time. Measurements of species concentrations are
the most sensitive methods of determining the duration of test flow
and have been used in the past.1 Furthermore, studies of supersonic
combustion ramjets would benefit from measurements of species
concentrations downstream of fuel injection.

A quadrupole mass spectrometer was used by Crane and
Stalker2 in a reflected shock tunnel. They used a two-stage hollow
conical skimmer gas sampling system. The short duration of the
flow meant that the ions from only a single species of molecule
could be recorded during each test flow. To obtain relative concen-
trations, Crane and Stalker relied upon sampling multiple test
flows and measured the total ion production of each shot for nor-
malization. This method assumed repeatability of the test flow and
of the behavior of the mass spectrometer despite variations in total
ion production. They estimated errors in their relative species con-
centration measurements of 30%.

Experimental Design
The instrument reported here was designed for use in T4, an ex-

isting free piston reflected shock tunnel.3 At the upstream end are
three coaxial, hollow conical skimmers used to sample the flow
(Fig. 1). Behind the second and third skimmers are vacuum cham-
bers evacuated by diffusion pumps. There is no vacuum chamber
behind the first skimmer as the flow through it vents back out into
the freestream flow. Gas passing through the skimmers is expanded
and collimated into a molecular beam entering the interior high
vacuum chamber. At 20 mm behind the final skimmer, an electron
beam intersects the molecular beam, causing ionization of some
molecules. The ions produced are accelerated along a meter-long
flight tube to an electron multiplier particle detector. The signal
from this particle detector is recorded on a digital storage oscillo-
scope.

An essential aspect of the success of the instrument is that the
production of the molecular beam be achieved as quickly as possi-
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Fig. 1 Schematic of skimmer configuration and ionization region.

ble. The front skimmer served to both decrease the density and in-
crease the Mach number of the flow entering the second skimmer.
The density of the flow falls by an order of magnitude in 5 mm (or
1 jis). The second skimmer samples this expanded flow on the
axis. Off-axis flow passes around the second skimmer experienc-
ing a normal shock recovery of pressure to a stagnation pressure
higher than the freestream static pressure. This flow can then vent
back out into the freestream. For an incident Mach number of 5.5,
the recovery shock Mach number is at least 10.8 for a ratio of spe-
cific heats from 1.3 to 1.4. The maximum interskimmer distance
was then found from a method of characteristics calculation. This
gave the density at the second skimmer as 0.03 times the
freestream density. To produce the fastest possible expansion, the
orifice diameter of the second skimmer was chosen to be as small
as practicably manufacturable (0.7 mm). The third skimmer colli-
mates the flow 40 mm behind the second skimmer. Approximate
calculations give the density in the molecular beam as 0.0001
times the freestream density. For a freestream test flow of air at
0.05 kg/m3 and an enthalpy of 9 MJ/kg, the expansion through the
skimmers results in a molecular beam density of 5 X 10~6 kg/m3,
or a flux of 1023 particles/m2/s. The flow is chemically frozen dur-
ing the expansion inside the first skimmer; and estimates give that
the average molecule experiences less than 70 collisions before
reaching the ionizer. The production of this beam is achieved in a
distance of 75 mm with an external diameter of the skimmers of
only 50 mm. This is small enough to allow the probe access to
complex flowfields such as scramjet nozzles, a region inaccessible
to optical methods of species measurement.

Extraction of gas samples by forming a molecular beam from a
continuum flow is a technique developed in the 1950-1960s.4"6

Ideally, the axial stream tube experiences no disturbance other
than the strong expansions inside each skimmer. In practice, as the
flow expands from continuum to free molecular, there is interfer-
ence from flow particles reflecting off the outside (for large half-
angles) or the interior (for small half-angles) of the skimmer.
These particles can penetrate the beam and scatter the undisturbed
particles. Bird7 examined the effect of Knudsen number and skim-
mer geometry on molecular beam interference using a Monte-
Carlo simulation and concluded that with correct design the inter-
ference can be negligible. Correct design consists of short skim-
mers, a lip radius much less than the orifice diameter, and a Knud-
sen number based on orifice diameter outside the range of 0.1-2.
The Knudsen number at the third skimmer is approximately 50,
and the length of the skimmer is less than half the length of that
studied by Bird. Very little interference from the third skimmer
was expected.

A further influence on the sample is that an expansion of a mix-
ture of gases to free molecular flow can cause a relative depletion
of lighter particles on the axis. Sebacher8 and Sherman9 suggest
that diffusion in the strong pressure gradients near the start of the

expansion inside the skimmer is the mechanism responsible. The
work of Fenn and Anderson10 indicates scattering from back-
ground molecules penetrating the flow after the beam has transla-
tionally frozen as the cause. Either explanation allows for a varia-
tion with mass ratio; the latter allows for an additional variation
with molecular diameter. Whatever the physical situation, the state
of knowledge about the process is not sufficient to make purely
theoretical corrections to species concentrations, and thus calibra-
tion is required to account for its effect.

Mass Separation
Separation of different mass components of the sample molecu-

lar beam is achieved with an ion time-of-flight system.11 A pulsed
electron beam intersects the molecular beam 20 mm behind the
third skimmer. This region is held at a potential above ground by a
surrounding cylindrical electrode coaxial with the drift tube. The
potential gradient within the intersection region is set by adjacent
coaxial electrodes at the either end (Fig. 1). The electron beam is
formed by accelerating electrons emitted from a 6-W tungsten fila-
ment through a gate electrode, through a 2-mm-diam hole in the
side of the central cylindrical electrode. The electron gun can be
pulsed on for 200 ns, producing a beam of 1 mA. The ions are
formed at a potential of 250 V in a field gradient of 20 V/mm.

After ionization, the ions are accelerated down a potential field
gradient to a field-free drift region 1 m long. The flight time t
along this region depends on the mass simply as

t = L 2qE

where L is the length of the drift region, m/q the mass to charge
ratio, and E the energy given to the ion. The electron gun was
pulsed on for 200 ns every 0.055 ms producing a packet of ions
which were then detected and recorded on a storage oscilloscope.
The oscilloscope sampled the signal at 10 MHz for 6.4 ms, allow-
ing 117 complete spectra to be obtained during each firing of the
shock tunnel. The limiting resolution is determined by the sam-
pling rate of the data storage, the degree to which the peaks spread
at higher mass numbers because of their energy spread, and the
spread in peak width due to collisions with background molecules.

Calibration
From the freestream values, the concentrations of the species

present are altered by the measurement process in three ways that
require calibration. First is the possibility of light molecule deple-
tion on the axis of the expansion inside the skimmers. This can be
incorporated into measurements as a relative calibration factor F.
Second, in the molecular beam, the relative number of ions formed
for each species is proportional to their ionization cross section a.
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Fig. 2 Sample spectra recorded during a flow with air test gas: a)
spectra during test time and b) spectra later in time showing arrival of
driver gas.

Finally, the efficiency of collection of ions by the detector of each
species may vary. Again, the concentrations can be related by a
constant calibration factor C provided external effects such as vac-
uum level and acceleration potentials are held constant.

Thus, all effects on the sample are proportional effects, and a
single calibration factor is sufficient to describe them all. However,
where F and C are not unity, calibration of the mass spectrometer
using known gas mixtures must be performed. Calibration factors
were obtained for mixtures of He-N2, H2-N2, and Ar-N2. For mole-
cules of very similar mass and size (for example, N2, NO, and O2),
F and C can both be taken to be unity. lonization cross sections are
available in the literature.

For a diatomic molecule, dissociative ionization produces
atomic species, even when there are none in the test flow. Thus, N2
and O2 molecules produce N and O atoms under electron impact
ionization. Fortunately, this is taken into account in the collision
cross sections, so the effect can be ignored when determining
molecular species.

Performance
The mass spectrometer has been used in 147 test flows of a free-

piston reflected shock tunnel. Of these approximately 70% pro-
duced useful results. Figure 2 shows an early result, consisting of
two of the 117 mass spectra from air test gas at an enthalpy of 9
MJ/kg. The graph of Fig. 2a was taken during test time, and that of
Fig. 2b when the flow was contaminated by driver gas. Peak sepa-
ration is good except for the N2, NO, O2 peaks. These are thought
to overlap because collisions with background molecules within
the drift region cause loss of energy from some ions, spreading the
tail of the peak. This can be remedied by reducing the background
pressure levels in the instrument. The noise in the baseline was
generated within the preamplifier. The presence of a peak can usu-
ally be recognized when the area of the peak is only 2% of the area
of the peak of N2 (typically the largest peak). The envelope of the
117 spectra as well as measurements of mole fractions of the com-
ponents of the test gas and driver gases for this run are shown in
Fig. 3. The origin of the time axis in Fig. 3a is arbitrary, whereas in
Figs. 3b and 3c the time is measured from the rise in pitot pressure
at the start of the test flow, an event which occurred at around 0.4
ms in Fig. 3a. Mole fractions are obtained from the concentrations
relative to nitrogen by dividing by the sum of the relative concen-
trations for all species present. The possible presence of NO has
been included in the N2 measurement, since these peaks are insep-
arable. The test gas measurements are uncalibrated, but the driver
gas measurements are calibrated using peak sizes from runs with
test gas mixtures of He-N2 and Ar-N2 at similar conditions. The
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Fig. 3 Concentration measurements from an air test flow at 9-MJ/kg
enthalpy: a) envelope of 117 spectra, b) mole fractions of the compo-
nents of the test gas in the test flow, and c) mole fractions of the compo-
nents of driver gas.

composition of the driver gas was known to be 15% Ar-85% He.
The independently calibrated measurements of relative concentra-
tion arrived at the same ratio. The errors in each driver gas concen-
tration data point are 5% absolute.

The instrument had a turn around time of 1.5 h when all went
well. Some difficulty was experienced with loss of signal in the
higher density flows. These often caused arcing and loss of electric
potentials in the ionizer. Some success at overcoming this was
found with a temporary electrostatic filter ahead of the third skim-
mer, indicating that charged particles in the flow were responsible.
The tungsten filament and electronics did not suffer overly from
the tunnel environment. Vibration did not have any effect, and the
three skimmers were not physically degraded by the flow.

Conclusions
A time-of-flight mass spectrometer has been coupled with a

compact sampling system to measure species concentrations in hy-
personic flows produced by an impulse facility. The ability to de-
tect molecular species present at levels of only 2% by number has
been shown. The current limitation on detection is the background
noise generated in the signal preamplifier, which leaves the possi-
bility of a more sensitive instrument. The limitations on measure-
ment are the ability to resolve the peaks, the knowledge of the ion-
ization cross section, and the ability to calibrate for gas dynamic
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mass separation of disparate mass particles. When these problems
are minimized, the error can be 5% for relative concentrations of
major species. This is the same level of accuracy that can be
achieved by most shock tunnel instrumentation and is superior to
other methods of species concentration measurements. At a cost
much less than that of most optical systems, the time-of-flight mass
spectrometer is a viable addition to the range of diagnostic tools
for short duration aerodynamic testing.
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Lamination Parameters for
Reissner-Mindlin Plates

Joachim L. Grenestedt*
Royal Institute of Technology, Stockholm 8-100 44, Sweden

Introduction

TSAI and Pagano1 introduced 12 parameters—called lamina-
tion parameters—to express plate stiffnesses of laminated

composite Kirchhoff plates. These parameters considerably sim-
plify design and optimization of thin composites compared with
using layup angles and thicknesses of discrete plies in a laminate.
A layup gives a unique set of lamination parameters, but many
layups might give the same set of lamination parameters. The lam-
ination parameters fully describe the plate stiffnesses, and they can
therefore be used as design variables for structural design and opti-
mization. Examples can be found in Miki2'3 and Grenestedt.4 By
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using these parameters rather than ply layup angles and thick-
nesses, the major problem of local optima during optimization is
often overcome. The stiffnesses are linear in the lamination param-
eters, the range of the lamination parameters is convex (see
Grenestedt and Gudmundson5), and a number of optimization
problems therefore become convex (see Svanberg6). Further, all
physically possible layups are simply included in the analysis with
just a small number of parameters. The purpose of the current Note
is to derive lamination parameters for kinematically nonlinear
small strain, medium rotation shear deformable Reissner-Mindlin
type7'8 plates. For the sake of completeness, the Reissner-Mindlin
equations as well as the Tsai and Pagano lamination parameters
are derived in the following sections.

Governing Equations of Laminated
Reissner-Mindlin Type Plates

In the following, Einstein's summation convention is used.
Greek indices run from 1 to 2 and Latin from 1 to 3. Cartesian
Lagrangian coordinates xt with the *3 axis perpendicular to the
undeformed plate middle surface are introduced. The displacement
field is assumed to be

ua (xl9 x29 x3) = ua (x19 x2) + x3Qa (xl9 x2)
u3 (xl9 x2, x3) = U3 (xl9 x2)

(D

where ut are displacement components, and ui are middle surface
displacement components. The Green-Lagrange strain tensor is,
when gradients of in-plane displacements are assumed small,

where

and

(2)

(3)

(4)

As constitutive relation, elastic behavior with a strain energy per
unit plate surface area

W\ e (5)

Fig. 1 Notation and sign conventions for the plate variables.


